Abstract This paper is a continuation of our recent paper devoted to refining the parameters of three component (bulge, disk, halo) axisymmetric model Galactic gravitational potentials differing by the expression for the dark matter halo using the velocities of distant objects. In all models the bulge and disk potentials are described by the Miyamoto-Nagai expressions. In our previous paper we used the Allen-Santillán (I), Wilkinson-Evans (II), and Navarro-Frenk-White (III) models to describe the halo. In this paper we use a spherical logarithmic Binney potential (model IV), a Plummer sphere (model V), and a Hernquist potential (model VI) to describe the halo. A set of present-day observational data in the range of Galactocentric distances R from 0 to 200 kpc is used to refine the parameters of the listed models, which are employed most commonly at present. The model rotation curves are fitted to the observed velocities by taking into account the constraints on the local matter density ρ ⊙ = 0.1M ⊙ pc Model VI looks best among the three models considered here from the viewpoint of the achieved accuracy of fitting the model rotation curves to the measurements. This model is close to the Navarro-Frenk-White model III refined and considered best in our previous paper, which is shown using the integration of the orbits of two globular clusters, Lynga 7 and NGC 5053, as an example.
INTRODUCTION
It is necessary to have a reliable model gravitational potential to study the structure of the Galaxy and its dynamical properties or to construct the orbits of Galactic objects. The circular velocities of objects V circ at various distances R from the Galactic rotation axis (Galactic rotation curve) are among the main sources for the construction of such a model. The accuracy of any model potential depends on the accuracy of determining the distances to the objects used for its construction.
At present, a high accuracy of distance measurements, on average, ∼10%, has been achieved for a number of Galactic objects. In particular, these include more than 100 Galactic masers with measured trigonometric parallaxes, line-of-sight velocities, and proper motions . Hydrogen clouds at the tangent points also have a high positional accuracy. However, all these objects are no farther than R = 20 kpc. The Galactic rotation curve constructed from hydrogen clouds and masers has been used by various authors to refine several model potentials (Irrgang et al. 2013 ; Bobylev and Bajkova 2013; ; Butenko and Khoperskov 2014) . This rotation curve is characterized by a fairly large circular velocity of the Galaxy at the solar distance, V ⊙ ∼ 250 km s −1 . This leads to an increase in the estimated mass of the Galaxy and its components (disk, halo) compared to that obtained at the standard velocity V ⊙ = 220 km s −1 . Analysis of the observational data at progressively larger R is of great interest. The possibilities for this are continuously expanding. Here is an incomplete list of the most interesting results. Gnedin et al. (2010) found the Galactic mass within a sphere of radius 80 kpc from stars at distances R < 80 kpc to be M 80 = 0.69 12 M ⊙ . This article is a continuation of the paper by Bajkova and Bobylev (2016) devoted to refining the parameters of model Galactic gravitational potentials, where three-component (bulge, disk, halo) models differing by the expression for the dark matter halo were considered. The expressions from Miyamoto and Nagai (1975) were traditionally used to describe the bulge and the disk, and the following three models were considered to describe the halo: the Allen-Santillán (I), Wilkinson-Evans (II), and Navarro-Frenk-White (III) models.
The goal of this paper is to refine the parameters of the Galactic gravitational potential for other models of the dark matter halo. For this purpose, we use three models where the halo is represented by a logarithmic Binney potential (Binney 1981; Evans 1993; Fellhauer et al. 2006 ) (model IV), a Plummer (1911) sphere (model V), and a Hernquist (1990) potential (model VI). Here, as in our previous paper (Bajkova and Bobylev 2016), we use observational data in the range of distances 0-200 kpc and constraints on the local matter density ρ ⊙ and the force K z=1.1 . The selected models are employed most commonly at present, because they are realistic and mathematically simple and their analytic expressions are closed. Therefore, their correction based on new data is an important task.
DATA
Since this is a continuation of our previous paper (Bajkova and Bobylev 2016) , we use exactly the same data. First, these include the line-of-sight velocities of HI clouds at the tangent points from Burton and Gordon (1978) . These data on the rotation curve fill the range of distances R < 4 kpc. Second, these include a sample of masers with measured trigonometric parallaxes, proper motions, and line-of-sight velocities. They are located in the range of distances R from 4 to 20 kpc. Third, these include the average circular rotation velocities from Bhattacharjee et al. (2014) calculated using objects at distances R from 20 to ≈200 kpc. The velocities of 1457 blue horizontal branch giants, 2227 K giants, 16 globular clusters, 28 distant halo giants, and 21 dwarf galaxies were used for this purpose. Since Bhattacharjee et al. (2014) constructed the Galactic rotation curve with R ⊙ = 8.3 kpc and V ⊙ = 244 km s −1 , we also calculate the circular velocities of objects with these parameters.
The following can be said in more detail about the masers. The VLBI measurements of 103 masers are described in the general review of . Subsequently, these authors published improved values of the measured parameters for some of the masers (Wu et , we obtained a sample with data on 130 sources. We do not include the masers located at distances R < 4 kpc in our sample, because their velocities are distorted by the central Galactic bar.
As a result, we rely on the line-of-sight velocities of hydrogen clouds at the tangent points and the data on 130 masers with measured trigonometric parallaxes at distances R less than 25 kpc, and the rotation curve from Bhattacharjee et al. (2014) serves us as the data at greater distances.
MODEL GALACTIC POTENTIALS

Introductory Mathematical Expressions
In all of the models being considered here the axisymmetric Galactic potential is represented as a sum of three components a central spherical bulge Φ b (r(R, z)), a disk Φ d (r(R, z)), and a massive spherical dark matter halo Φ h (r(R, z)):
Here, we use a cylindrical coordinate system (R, ψ, z) with the coordinate origin at the Galactic center. In a rectangular coordinate system (x, y, z) with the coordinate origin at the Galactic center the distance to a star (spherical radius) will be r 2 = x 2 +y 2 +z 2 = R 2 +z 2 . In accordance with the convention adopted in Allen and Santillán (1991), we express the gravitational potential in units of 100 km 2 s −2 , the distances in kpc, and the masses in units of the Galactic mass M gal = 2.325 × 10 7 M ⊙ , corresponding to the gravitational constant G = 1.
The expression for the mass density follows from the Poisson equation
and is
The force acting in the z direction perpendicular to the Galactic plane is defined as
We will need Eqs. (3) and (4) below to solve the problem of fitting the parameters of the model gravitational potentials with the constraints imposed on the local dynamical matter density ρ ⊙ and the force K z (z, R ⊙ ) at z = 1.1 kpc that are known from observations. In addition, we will need the expressions to calculate: (1) the circular velocities
(2) the Galactic mass contained in a sphere of radius r based on the spherically symmetric model
(3) the parabolic velocity or the escape velocity of a star from the attractive Galactic field
(4) the Oort parameters
where Ω = V /R is the angular velocity of Galactic rotation
⊙ is the first derivative of the angular velocity with respect to R and R ⊙ is the Galactocentric distance of the Sun; (5) the surface density of gravitating matter within z out of the Galactic z = 0 plane
Note that the spherically symmetric model describes satisfactorily the density distribution in a galaxy only when the disk mass is much smaller than the mass of its spherical components. This condition is fulfilled in the case of our Galaxy. However, even if this condition is not fulfilled completely, Eq. (6) is well suited for a rough estimation of the total mass within a radius r. Generally, the mass found within the spherically symmetric model will be an upper limit: M(r) ≤ r 2 dΦ(r)/dr (Zasov and Postnov 2006).
Bulge and Disk
In all of the models being considered here the bulge, Φ b (r) and disk, Φ d (r(R, z)) potentials are represented by the expressions from Miyamoto and Nagai (1975) :
where M b and M d are the masses of the components, b b , a d , and b d are the scale lengths of the components in kpc. The corresponding expressions for the mass densities ρ b (R, z) and
Expressions (11) and (13) describe a Plummer (1911) sphere, while relations (12) and (14) describe a generalized Kuzmin (1956) disk. Integrating the mass densities over the entire volume of the Galaxy gives the expected bulge and disk masses: m b = M b , and m d = M d . The bulge and disk contributions to the circular velocity are, respectively,
The corresponding expressions for
Dark Matter Halo
Model IV. The halo component is represented by a logarithmic potential in the form proposed by Binney (1981) :
where v 0 is the velocity in km s −1 , q Φ is the axial ratio of the ellipsoid: q Φ = 1 for a spherical halo, q Φ < 1 for an oblate one, and q Φ > 1 for a prolate one. We take q Φ = 1. In this case, the mass density is
It is easy to show that integrating the mass density over a sphere of radius r gives a halo mass that depends almost linearly on r. The contribution to the circular velocity is
The expression for
In the three-component model (11)) to describe the halo potential. As a result, we have
The mass density is
Integrating the mass density over the entire volume of the Galaxy gives the mass m h = M h . The contribution to the circular velocity is
Such a three-component model Galactic potential (a bulge in the form (11), a disk in the form (12) , and a halo in the form (23)) was first proposed by Dauphole and Colin (1995) . Therefore, we call this approach the Dauphole-Colin model, and this approach is much in demand at present. 
The potential (27) 
Parameter Fitting
The parameters of the model potentials are found by least-squares fitting to the measured rotation velocities of Galactic objects. We use the unit weights, because they provide the smallest absolute residual between the data and the model rotation curve. In addition, we used (Irrgang et al. 2013 ) the constraints on (1) the local dynamical matter density ρ ⊙ = 0.1M ⊙ pc −3 and (2) the force acting perpendicularly to the Galactic plane or, more specifically, K z=1.1 /2G = 77M ⊙ pc −2 . The local dynamical matter density ρ ⊙ , which is the sum of the bulge, disk, and dark matter densities in a small solar neighborhood, together with the surface density Σ 1.1 are the most important additional constraints in the problem of fitting the parameters of the model potentials to the measured circular velocities (Irrgang et al. 2013 ):
The surface density is closely related to the force K z (z, R) in accordance with Eq. (10). Since the two most important parameters ρ ⊙ and K z /2πG are known from observations with a sufficiently high accuracy, introducing additional constraints on these two parameters allows the parameters of the gravitational potential to be refined significantly. As a result, the parameter fitting problem was reduced to minimizing the following quadratic functional F :
where the measured quantities are denoted by the tilde, R i are the distances of the objects with measured circular velocities, α 1 and α 2 are the weight factors at the additional constraints that were chosen so as to minimize the residual between the data and the model rotation curve provided that the additional constraints hold with an accuracy of at least 5%. Based on the constructed models, we calculated the local surface density of the entire matter ρ ⊙ and K z=1.1 /2πG related to Σ 1.1 and Σ out . Table 1 The Galactic mass unit is M g = 2.325 × 10 7 M ⊙ , ( * ) v 2 0 /2 in km 2 s −2 is given here, ( * * ) the halo mass within a radius of 200 kpc is given here.
RESULTS AND DISCUSSION
gives the residual between the model rotation curve and the measured velocities (data)
The next-to-last row provides the entropy of the difference between the data and the model rotation curve. It gives an idea of the degree of uniformity of the residual noise is:
The higher the entropy, the more uniform the noise and, consequently, the better the parameter fitting. As we see, model VI provides the smallest residual δ = 13.23 km s −1 and the greatest entropy of the residual noise E = −24.96, i.e., the greatest degree of its uniformity. This model is close to the Navarro-Frenk-White (1997) model III, which we deem best from the viewpoint of the accuracy of fitting to the data. In this case, E = −24.51 and δ = 13.1 km s −1 (see Table 1 in Bajkova and Bobylev (2016)). Table 2 lists the physical quantities calculated from the derived parameters of the model potentials. These include the local disk density (ρ ⊙ ) d , the local dark matter density (ρ ⊙ ) h , the local density of the entire matter ρ ⊙ , K z=1.1 /2G, the local surface density Σ 1.1 and Σ out , the two escape velocities from the Galaxy V esc for R = R ⊙ and R = 200 kpc, the linear circular rotation velocity of the Sun V ⊙ ,, the Oort constants A and B, and the Galactic mass M G for four radii of the enclosing sphere.
The errors of all parameters and physical quantities in Tables 1 and 2 , respectively, were determined through Monte Carlo simulations using each time 100 independent realizations of random velocity measurement errors by assuming the errors to obey a normal distribution with zero mean and a fixed rms deviation.
The model Galactic rotation curves constructed for potentials IV, V, and VI are presented in Fig. 1 . The bulge, disk, and halo contributions are given for each model.
In model IV, in accordance with (21) , the circular velocity of the halo increases monotonically with Galactocentric distance (see Fig. 1 ). In this model it is apparently desirable to artificially correct the halo density function at great distances (R > 200 kpc), as is done in model I (Bajkova and Bobylev 2016) .
Model V has the largest disk mass (M d ) compared to our other models, as can be seen Таблица 2: The quantities calculated from the parameters of the model potentials found
0.092 ± 0.009 0.089 ± 0.010 0.090 ± 0.010
0.008 ± 0.001 0.011 ± 0.001 0.011 ± 0.001
0.100 ± 0.010 0.100 ± 0.010 0.100 ± 0.010
77.0 ± 6.3 77.1 ± 6.6 77.2 ± 5.8
71.4 ± 6.4 78.6 ± 7.9 76.9 ± 6.4
45. Table 2 that based on this model, we obtain the smallest Galactic mass (M G ) among the other models. Models V and VI are attractive in that both the circular velocity of the halo and the overall rotation curve at distances greater than 100 kpc fall off gently. Therefore, there is no need to artificially correct the halo density function. Note that we took the values justified by Irrgang et al. (2013) as the target parameters in fitting ρ ⊙ and K z=1.1 /2πG. Fitting these parameters basically led to fitting the function ρ ⊙ (z) and, consequently, the surface density Σ 1.1 . The results of fitting to the function ρ ⊙ (z) obtained by Irrgang et al. (2013) and considered in this paper as a template are shown in Fig. 2 . As can be seen from the figure, all of the derived profiles are quite close to one another, but model VI reproduces the required function ρ ⊙ (z) with the highest accuracy.
Such local parameters of the rotation curve as the velocity V ⊙ and the Oort constants A and B are well reproduced by the models considered. In model V, however, B is comparable in absolute value to A. Therefore, the rotation velocity in a small segment near the Sun is nearly flat (V circ = const), as can be clearly seen from Fig. 1 .
Interestingly, the escape velocity V esc (R = 200 kpc) is usually approximately half that at R = R ⊙ . However, for model IV the parabolic velocity at R = 200 kpc exceeds its value It is important to note that the Galactic mass estimates that we obtained in this paper based on model VI (the best one in this paper) are close to those based on model III (the best one in Bajkova and Bobylev (2016) ) and, consequently, are in good agreement with the results of other authors that are displayed in Fig. 4 from Bajkova and Bobylev (2016) .
For an even subtler comparison of models III and VI we integrated the orbits of two globular clusters (Lynga 7 and NGC 5053) from the catalog by Kharchenko et al. (2013) based on the equations of motion given in the Appendix to Irrgang et al. (2013) . Figure 3 shows the Galactic orbits of the globular clusters Lynga 7 and NGC 5053 obtained by integration over 500 Myr and 5 Gyr into the past, respectively. Table 3 gives the main characteristics of boxy orbits: the average values of the minimum, a min , and maximum, a max , distances and the eccentricity e . We can see good agreement between the trajectories both for the cluster close to the Galactic center and the short integration time interval (Lynga 7) and for the fairly distant cluster and the long integration time (NGC 5053).
It is interesting to compare our results with the result of other authors. Although the present-day data suggest that the solar velocity is V ⊙ = 240 km s −1 and the solar Galactocentric distance is R ⊙ = 8.3 kpc, many of the model potentials were constructed for other values of V ⊙ and R ⊙ . As an example, let us compare our results on the mass decomposition with the results from Dauphole and Colin (1995) . In this paper the model potential V was used, and its parameters at R ⊙ = 8.0 kpc and velocity V ⊙ = 225 km s K z=1.1 /2πG = 84 M ⊙ pc −2 , which differs tangibly from the present-day estimates that we used to fit the parameters. By comparing the masses of the components with those presented in Table 1 , we can see that the bulge and disk mass estimates are close to our estimates, while the halo masses differ approximately by a factor of 2. This difference is explained by the fact that the parameters were fitted using different data. Our data on the velocities cover a wide range of distances up to 200 kpc, while those from Dauphole and Colin (1995) cover a range only up to 16 kpc, with our data showing a considerable decrease in the circular velocities with increasing distance R at great distances. If we extend the model rotation curve from Dauphole and Colin (1995) to large R, then we will not get the agreement with our data that is provided by our model rotation curve. All of this suggests how important it is to use the data in a wide range of Galactocentric distances to refine the model Galactic potential.
